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Collect data

PET scans

Image processing

From raw data to observations of interest 
Tracer uptake in a PET scan 
Receptor availability

Statistical analysis

Research question: 
The effect of age on receptor availability? 

Linear relationships:

Age (predictor)

Receptor 
availability 

(dependent 
variable)

No relationshipPositive Negative



Objectives
Linear mixed effects models

Theory: 

• Linear model & linear mixed effects model 

• Mixed effects in neuroimaging data 

• Model diagnostics: Does the model fit the data sufficiently? 

Practice: 

• Running models and model diagnostics in R using RStudio 

• R is a language for statistical computing 

• RStudio is an environment for running R code

R Core Team. (2021). R: A language and environment for statistical computing. R Foundation for Statistical Computing, Vienna, Austria. URL https:/ / www.R-project.org/ . 
Posit team. (2023). RStudio: Integrated Development Environment for R. Posit Software, PBC, Boston, MA. http:/www.posit.co/.

http://www.R-project.org/


• Linear model= linear regression 

• Regression: looking for relationship between variables 

• How predictor(s) explain/ predict dependent variable 

• Simple linear regression (1 predictor), multiple linear regression (>1 predictors) 

• Linear mixed effect model is one type of linear model

Linear model



Sleep deprivation 
0-9 days experiment 

3 hours of sleep / night

Example case: Sleep deprivation data

Sleepstudy dataset from lme4 package in R

Reaction time 
in milliseconds (ms)?
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Andy Sleepstudy dataset from lme4 package in R 
Days= Number of days of sleep deprivation (3 hours/ night) 
Reaction= Average reaction time (ms) 
Subjects edited (mock-up names)



Reaction = 𝛼 + 𝛽⋅Days + 𝜀
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What is the effect of sleep deprivation on reaction time? 
• Data from one subject 
• Simple linear regression
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Dependent variable (y)

Predictor variable (x)

Reaction = 𝛼 + 𝛽⋅Days + 𝜀
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• Minimize the residuals 
• Sum of the absolute values of the residuals = 0

Parameters

Reaction = 𝛼 + 𝛽⋅Days + 𝜀

Error 
(Residuals)
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𝛼

Intercept 
• Reaction when Days= 0

Reaction = 𝛼 + 𝛽⋅Days + 𝜀
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Intercept 
• Reaction when Days= 0

Regression coefficient 
• Main effect of Days on Reaction (slope) 
• The change in Reaction for one unit increase in Days

Reaction = 𝛼 + 𝛽⋅Days + 𝜀
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The change is constant in a linear fit

Intercept 
• Reaction when Days= 0

Regression coefficient 
• Main effect of Days on Reaction (slope) 
• The change in Reaction for one unit increase in Days

Reaction = 𝛼 + 𝛽⋅Days + 𝜀



y8 = 𝛼 + 𝛽⋅x8 + 𝜀8
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Prediction (fit)

Observation

Reaction = 𝛼 + 𝛽⋅Days + 𝜀



y8 = 𝛼 + 𝛽⋅x8 + 𝜀8
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Prediction (fit)

Observation

Randomly (not systematically) distributed residuals support good fit

Reaction = 𝛼 + 𝛽⋅Days + 𝜀



𝛽
Slope (regression coefficient)

The change in the dependent variable for one unit increase in the predictor 
The change in reaction time with one more night of sleep deprivation 
’The effect of sleep deprivation on reaction time’
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𝛼 The overall level of the dependent variable 
The reaction time at day zero before sleep deprivation 
’Baseline reaction time’

Intercept

𝛽
Slope (regression coefficient)

The change in the dependent variable for one unit increase in the predictor 
The change in reaction time with one more night of sleep deprivation 
’The effect of sleep deprivation on reaction time’
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Observations are grouped by the subject. 
Within-subject variation is smaller than between-subject variation.
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Pete Randy Sophie Sven Tine Tom

Julie Lily Lisa Lucy Matt Paul

Alex Allison Andy Fred George Harry
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What is generally the effect of sleep deprivation on reaction time? 
(No matter if it is Andy or Randy) 



R + RStudio: language and environment for statistical computing and graphics, freely available

R Core Team. (2021). R: A language and environment for statistical computing. R Foundation for Statistical Computing, Vienna, Austria. URL https:/ / www.R-project.org/ . 
Posit team. (2023). RStudio: Integrated Development Environment for R. Posit Software, PBC, Boston, MA. http:/www.posit.co/.

http://www.R-project.org/


Preparation



Preparation

Environment to store objects, such as datasets



Preparation

Script= document to store commands



Preparation

There are different packages that include certain

functions and/ or datasets



fit_1 <- lm(Reaction ~ 1 + Days, data = data)

R package ’stats’

Reaction = 𝛼 + 𝛽⋅Days + 𝜀Simple linear regression, main fixed effect of Days on Reaction



fit_1 <- lm(Reaction ~ 1 + Days, data = data)

Intercept 
• Reaction when Days= 0
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Reaction = 𝛼 + 𝛽⋅Days + 𝜀
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fit_1 <- lm(Reaction ~ 1 + Days, data = data)
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Regression coefficient 
• Main effect of Days on Reaction (slope) 
• The change in Reaction for one unit increase in Days

Reaction = 𝛼 + 𝛽⋅Days + 𝜀
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fit_1 <- lm(Reaction ~ 1 + Days, data = data)

The reaction times of the subjects each day
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Reaction = 𝛼 + 𝛽⋅Days + 𝜀
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fit_1 <- lm(Reaction ~ 1 + Days, data = data)
summary(fit_1)
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Reaction = 𝛼 + 𝛽⋅Days + 𝜀



fit_1 <- lm(Reaction ~ 1 + Days, data = data)
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Reaction = 𝛼 + 𝛽⋅Days + 𝜀
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Randomly (not systematically) distributed residuals support good fit

fit_1 <- lm(Reaction ~ 1 + Days, data = data)

Reaction = 𝛼 + 𝛽⋅Days + 𝜀
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fit_1 <- lm(Reaction ~ 1 + Days, data = data)
fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)

R package ’lme4’

Reaction = (𝛼+ b𝛼,Subject) + 𝛽⋅Days + 𝜀



fit_1 <- lm(Reaction ~ 1 + Days, data = data)
fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)

Random intercept (Subject-specific) 
• Subjects are a random sample of all the possible subjects we could have had in our data 
• Subject-specific intercept is a random variable

Reaction = (𝛼+ b𝛼,Subject) + 𝛽⋅Days + 𝜀



fit_1 <- lm(Reaction ~ 1 + Days, data = data)
fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)
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Reaction = (𝛼+ b𝛼,Subject) + 𝛽⋅Days + 𝜀



fit_1 <- lm(Reaction ~ 1 + Days, data = data)
fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)

summary(fit_2)
Between-subject variation in the intercept (on average)

Within-subject variation in the residuals (on average)
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Reaction = (𝛼+ b𝛼,Subject) + 𝛽⋅Days + 𝜀



fit_1 <- lm(Reaction ~ 1 + Days, data = data)
fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)
fit_3 <- lmer(Reaction ~ 1 + Days + (0 + Days | Subject) , data = data)

R package ’lme4’

Reaction = 𝛼 + (𝛽 + b𝛽,Subject)⋅Days + 𝜀



fit_1 <- lm(Reaction ~ 1 + Days, data = data)
fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)
fit_3 <- lmer(Reaction ~ 1 + Days + (0 + Days | Subject) , data = data)

Random slope and not intercept (Subject-specific) 
• Subject-specific effect of Days on Reaction 
• Subject-specific slope is a random variable

Reaction = 𝛼 + (𝛽 + b𝛽,Subject)⋅Days + 𝜀



fit_1 <- lm(Reaction ~ 1 + Days, data = data)
fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)
fit_3 <- lmer(Reaction ~ 1 + Days + (0 + Days | Subject) , data = data)
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Reaction = 𝛼 + (𝛽 + b𝛽,Subject)⋅Days + 𝜀
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fit_1 <- lm(Reaction ~ 1 + Days, data = data)
fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)
fit_3 <- lmer(Reaction ~ 1 + Days + (0 + Days | Subject) , data = data)

Between-subject variation in the slope (on average)

Within-subject variation in the residuals (on average)
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Reaction = 𝛼 + (𝛽 + b𝛽,Subject)⋅Days + 𝜀



fit_1 <- lm(Reaction ~ 1 + Days, data = data)
fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)
fit_3 <- lmer(Reaction ~ 1 + Days + (0 + Days | Subject) , data = data)
fit_4 <- lmer(Reaction ~ 1 + Days + (1 + Days | Subject) , data = data)

R package ’lme4’

Reaction = (𝛼 + b𝛼,Subject) + (𝛽 + b𝛽,Subject)⋅Days + 𝜀



fit_1 <- lm(Reaction ~ 1 + Days, data = data)
fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)
fit_3 <- lmer(Reaction ~ 1 + Days + (0 + Days | Subject) , data = data)
fit_4 <- lmer(Reaction ~ 1 + Days + (1 + Days | Subject) , data = data)

Random intercept and slope (Subject-specific) 
• Subject-specific intercept and effect of Days on Reaction

Reaction = (𝛼 + b𝛼,Subject) + (𝛽 + b𝛽,Subject)⋅Days + 𝜀



fit_1 <- lm(Reaction ~ 1 + Days, data = data)
fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)
fit_3 <- lmer(Reaction ~ 1 + Days + (0 + Days | Subject) , data = data)
fit_4 <- lmer(Reaction ~ 1 + Days + (1 + Days | Subject) , data = data)
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Reaction = (𝛼 + b𝛼,Subject) + (𝛽 + b𝛽,Subject)⋅Days + 𝜀



fit_1 <- lm(Reaction ~ 1 + Days, data = data)
fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)
fit_3 <- lmer(Reaction ~ 1 + Days + (0 + Days | Subject) , data = data)
fit_4 <- lmer(Reaction ~ 1 + Days + (1 + Days | Subject) , data = data)

Between-subject variation in the slope (on average)

Within-subject variation in the residuals (on average)

Between-subject variation in the intercept (on average)

Reaction = (𝛼 + b𝛼,Subject) + (𝛽 + b𝛽,Subject)⋅Days + 𝜀



Linear model: 

Reaction ~ 1 + Days : linear regression with a fixed effect 

Linear mixed effects models: 

Reaction ~ 1 + Days + (1 | Subject) : linear regression with a fixed effect and a random effect (intercept)

Reaction ~ 1 + Days + (0 + Days | Subject) : linear regression with a fixed effect and a random effect (slope)

Reaction ~ 1 + Days + (1 + Days | Subject) : linear regression with a fixed effect and random effects (intercept and slope)

Mixed effects (aka hierarchical) model: both fixed and random effects (intercept and/ or slope)



Fixed effect 
Aka. Population-level effect

Main effect: 
• The effect of age on receptors 
• Applied to all subjects 
• Parameter

Random effect

Interaction: 
• Does the effect of age on receptor availability depend on sex 
• The effect of age on receptors 
• Separately for sexes 
• Parameter

Random intercept: 
• The overall level of receptors may vary between subjects 
• Subjects are a random sample of the population of subjects 
• Random variable

Random slope: 
• The age effect may vary between subjects 
• Subjects are a random sample of the population of subjects 
• Random variable



What is generally the effect of sleep deprivation on reaction time?
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= Interest in the main effect (black slope) 

What’s the point of modeling the random intercept and slope? (colored slopes)



What is generally the effect of sleep deprivation on reaction time?

We get an idea of how much the subjects vary on average

summary(fit)
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= Interest in the main effect (black slope) 

What’s the point of modeling the random intercept and slope? (colored slopes)



= Interest in the subject-specific effects (colored slopes) 

In this case, why not model interaction instead of the random intercept and slope?

What are the subject-specific effects of sleep deprivation on reaction time?
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Fixed interaction of days and subject: 
Model the effect of Days on Reaction, separately for each subject 

Random intercept and slope: 
Model the effect of days on reaction time, allowing the reaction time 
and the effect of Days on Reaction to vary between subjects 

What’s the difference?



R package ’stats’

fit_1 <- lm(Reaction ~ 1 + Days*Subject, data = data)
Reaction = 𝛼 + 𝛽1⋅Days + 𝛽2⋅Subject + 𝛽3⋅Days⋅Subject + 𝜀



fit_1 <- lm(Reaction ~ 1 + Days*Subject, data = data)

Interaction 
• Effect of Days on Reaction, separately for each Subject

Reaction = 𝛼 + 𝛽1⋅Days + 𝛽2⋅Subject + 𝛽3⋅Days⋅Subject + 𝜀



fit_1 <- lm(Reaction ~ 1 + Days*Subject, data = data)

• Minimize the residuals 
• Sum of the absolute values of the residuals = 0

• Main effect missing
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Reaction = 𝛼 + 𝛽1⋅Days + 𝛽2⋅Subject + 𝛽3⋅Days⋅Subject + 𝜀



fit_1 <- lm(Reaction ~ 1 + Days*Subject, data = data)
fit_2 <- lmer(Reaction ~ 1 + Days + (1 + Days | Subject) , data = data)

R package ’lme4’

Reaction = (𝛼+ b𝛼,Subject) + (𝛽+ b𝛽,Subject)⋅Days + 𝜀



fit_1 <- lm(Reaction ~ 1 + Days*Subject, data = data)
fit_2 <- lmer(Reaction ~ 1 + Days + (1 + Days | Subject) , data = data)
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• Does not minimize the residuals 
• Sum of the absolute values of the residuals ≠ 0 
• Shrinkage towards the mean (main effect)

• Main effect
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Days

Reaction = (𝛼+ b𝛼,Subject) + (𝛽+ b𝛽,Subject)⋅Days + 𝜀



Random intercept and slope 
fit_2 <- lmer(Reaction ~ 1 + Days + (1 + Days | Subject) , data = data)

Fixed interaction 
fit_1 <- lm(Reaction ~ 1 + Days*Subject, data = data)
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= Interest in the subject-specific effects (colored slopes) 

In this case, why not model interaction instead of the random intercept and slope?

What are the subject-specific effects of sleep deprivation on reaction time?
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Extreme, rare observations might be unreliable 
-> Utilize the information from others 
-> Random effects are pooled towards the main effect (shrinkage towards the mean)

However, both models could work 
• Goals and preferences matter



fit_4 <- lmer(Reaction ~ 1 + Days + (1 + Days | Subject) , data = data)
summary(fit_4)

Reporting results
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Based on the data and our modeling: 

• The baseline reaction time is 251 ms and it varies 25 ms 
between the subjects, on average. 

• With each day of sleep deprivation, the reaction time 
becomes 10 ms longer, while the effect on average varies 6 
ms between the subjects.



Fixed or random?

Turku PET Centre

University of British Columbia, Vancouver

Aarhus University Hospital

Yale, New Haven



Fixed, if 
• Effect of site on PET measure 
• The difference between the sites are the key interest 
• The sites make the population of interest

Fixed or random?



Random, if 
• Effect of something else, e.g. age on PET measure 
• Random sample of sites (from all possible sites): might affect but the contrasts not 

interesting 
• Site produces random variation in the data: some site may have systematically 

higher PET measures (random intercept) 
• 4+ levels (sites) recommended for random effects Databases & registers!

Fixed, if 
• Effect of site on PET measure 
• The difference between the sites are the key interest 
• The sites make the population of interest

Fixed or random?



Site Scanner typeSubject

Random effects in neuroimaging data

Measure 1 Measure 2 Measure 3



Model diagnostics: Does the model fit the data sufficiently?
’Post-marathon run’
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Residual size

Reaction ~ 1 + Days Reaction ~ 1 + Days + (1 + Days | Subject)

Main effect Main effect + random intercept and slope

Harry Harry



Residual variation: Model comparison

Reaction ~ 1 + Days

Reaction ~ 1 + Days + (1 + Days | Subject)

Reaction ~ 1 + Days + (1 | Subject)

Reaction ~ 1 + Days + (0 + Days | Subject)

summary(fit)

When the value is small, the observations are close to the fit (residuals are small)
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resid_1 <- resid(fit_1, scaled = TRUE)
plot(resid_1) R package ’stats’

Residual distribution

Main effect Main effect + random intercept and slope
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resid_1 <- resid(fit_1, scaled = TRUE)
plot(resid_1) R package ’stats’

Residual distribution

Main effect Main effect + random intercept and slope

Randomly (not systematically) distributed residuals support good fit



Quick word of nonlinearity

Reaction = 𝛼 + 𝛽⋅Days + 𝜀

Reaction = 𝛼 + 𝛽⋅Days2 + 𝜀

• Linear model is linear in terms of parameters (𝛼, 𝛽), not variables (Reaction, Days) 

• Linear model can be used to model also nonlinear relationship between the variables

Linear relationship between the variables: 

Quadratic relationship between the variables: 

Predictor to the 2nd power



• General linear model vs. generalized linear model (GLM used for both) 

• Here we only considered general linear models

Quick word of GLM



To take home

• Linear mixed effects model is one type of linear model 

• What makes a linear model mixed? 

• Random effect(s) in addition to the fixed effect(s) 

• Mixed effects modeling is useful when there is grouping structure from a variable that is a random 
sample from the population of interest 

• ’Uninteresting’ variation in the data 

• We are not interested in comparing the levels (e.g. how Andy is different from Randy)



Thanks!

• Thank you for your kind attention! 

•Colleagues from Nummenmaa Lab, particularly Birgitta Paranko and Severi Santavirta 

•Academy Research Fellow / Assistant Professor Joni Virta 
•UTU Course: Sekamallit (Mixed effects models)
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