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PET image with tracer [11C]raclopride that binds to dopamine receptors



Image

Image processing: from raw data to values

Binding potential: estimate of dopamine receptor availability in a brain region (e.g. putamen)

PET image with tracer [11C]raclopride that binds to dopamine receptors



Image

Image processing: from raw data to values

Research question

Binding potential: Estimate of dopamine receptor availability in a brain region (e.g. putamen)

PET image with tracer [11C]raclopride that binds to dopamine receptors

What is the relationship between age and dopamine receptors? 

AgeAge

Receptors

Neither: does not change with age

Age

Positive: increase with age Negative: decrease with age?

Receptors Receptors



Sleep deprivation                        reaction time?

Sleepstudy dataset from lme4 package in R

Days= Number of days of sleep deprivation (3 hours/ night)

Reaction= Average reaction time (ms)
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What is the effect of sleep deprivation on reaction time?
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Minimize the residuals

What is the effect of sleep deprivation on reaction time?
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What is the effect of sleep deprivation on reaction time?
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What is the effect of sleep deprivation on reaction time?

y = 𝛼 + 𝛽⋅day

If the fit is catching the systematic variation in the data (fit is good), 
the residuals should be randomly (not systematically) distributed around the fit



𝛽 What happens in the dependent variable when we move along 1 unit in the predictor?

How much reaction time increases when we have one bad night of sleep?

’The effect of sleep deprivation on reaction time’

Slope (regression coefficient)



𝛽

𝛼 What is the overall level of the dependent variable

What is the reaction time with no sleep deprivation?

Slope (regression coefficient)

Intercept

What happens in the dependent variable when we move along 1 unit in the predictor?

How much reaction time increases when we have one bad night of sleep?

’The effect of sleep deprivation on reaction time’



Sleepstudy dataset from lme4 package in R

Days= Number of days of sleep deprivation (3 hours/ night)

Reaction= Average reaction time (ms)
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Observations are grouped by the subject.

Within-subject variation is smaller than between-subject variation.
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What is generally the effect of sleep deprivation on reaction time?



R: language and environment for statistical computing and graphics, freely available

R Core Team. (2021). R: A language and environment for statistical computing. R Foundation for Statistical Computing, Vienna, Austria. URL https:/ / www.R-project.org/ .

http://www.R-project.org/


fit_1 <- lm(Reaction ~ 1 + Days, data = data)

R package ’stats’

y = 𝛼 + 𝛽⋅day



fit_1 <- lm(Reaction ~ 1 + Days, data = data)

Intercept = Reaction time when predictor (Days) is 0

y = 𝛼 + 𝛽⋅day
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fit_1 <- lm(Reaction ~ 1 + Days, data = data)

Fixed effect of days (of deprivation) on reaction time = the slope

Fixed = Population level (applied for all together)

y = 𝛼 + 𝛽⋅day
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fit_1 <- lm(Reaction ~ 1 + Days, data = data)

The reaction times of the subjects each day

y = 𝛼 + 𝛽⋅day
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fit_1 <- lm(Reaction ~ 1 + Days, data = data)

y = 𝛼 + 𝛽⋅day

summary(fit_1)



fit_1 <- lm(Reaction ~ 1 + Days, data = data)
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y = 𝛼 + 𝛽⋅day



fit_1 <- lm(Reaction ~ 1 + Days, data = data)
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fit_1 <- lm(Reaction ~ 1 + Days, data = data)

fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)

R package ’lme4’

y = (𝛼+ b𝛼,sub) + 𝛽⋅day



fit_1 <- lm(Reaction ~ 1 + Days, data = data)

fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)

Random intercept= subject specific intercept

y = (𝛼+ b𝛼,sub) + 𝛽⋅day



fit_1 <- lm(Reaction ~ 1 + Days, data = data)

fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)

Random intercept= subject specific intercept

y = (𝛼+ b𝛼,sub) + 𝛽⋅day

Subjects are a random sample of all the possible subjects we could have chosen

The subject-specific intercept is a random variable



fit_1 <- lm(Reaction ~ 1 + Days, data = data)

fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)
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fit_1 <- lm(Reaction ~ 1 + Days, data = data)

fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)

fit_3 <- lmer(Reaction ~ 1 + Days + (0 + Days | Subject) , data = data)

R package ’lme4’

y = 𝛼 + (𝛽+ b𝛽,sub)⋅day



fit_1 <- lm(Reaction ~ 1 + Days, data = data)

fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)

fit_3 <- lmer(Reaction ~ 1 + Days + (0 + Days | Subject) , data = data)

Random slope = subject specific effect of days (of deprivation)

y = 𝛼 + (𝛽+ b𝛽,sub)⋅day



fit_1 <- lm(Reaction ~ 1 + Days, data = data)

fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)

fit_3 <- lmer(Reaction ~ 1 + Days + (0 + Days | Subject) , data = data)
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fit_1 <- lm(Reaction ~ 1 + Days, data = data)

fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)

fit_3 <- lmer(Reaction ~ 1 + Days + (0 + Days | Subject) , data = data)

fit_4 <- lmer(Reaction ~ 1 + Days + (1 + Days | Subject) , data = data)

R package ’lme4’

y = (𝛼+ b𝛼,sub) + (𝛽+ b𝛽,sub)⋅day



fit_1 <- lm(Reaction ~ 1 + Days, data = data)

fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)

fit_3 <- lmer(Reaction ~ 1 + Days + (0 + Days | Subject) , data = data)

fit_4 <- lmer(Reaction ~ 1 + Days + (1 + Days | Subject) , data = data)

Random intercept and slope = subject specific intercept and effect of days (of deprivation)

y = (𝛼+ b𝛼,sub) + (𝛽+ b𝛽,sub)⋅day



fit_1 <- lm(Reaction ~ 1 + Days, data = data)

fit_2 <- lmer(Reaction ~ 1 + Days + (1 | Subject), data = data)

fit_3 <- lmer(Reaction ~ 1 + Days + (0 + Days | Subject) , data = data)

fit_4 <- lmer(Reaction ~ 1 + Days + (1 + Days | Subject) , data = data)
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y = (𝛼+ b𝛼,sub) + (𝛽+ b𝛽,sub)⋅day



Reaction ~ 1 + Days: Linear model


Reaction ~ 1 + Days + (1 | Subject): Linear mixed effects model


Reaction ~ 1 + Days + (0 + Days | Subject): Linear mixed effects model


Reaction ~ 1 + Days + (1 + Days | Subject): Linear mixed effects model


Mixed effects (aka hierarchical) model: both fixed and random effects (intercept and/ or slope)



1) If we are interested in the population-level effect… What’s the point?
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What is generally the effect of sleep deprivation on reaction time?



1) If we are interested in the population-level effect… What’s the point?

We get an idea of how much people vary on average
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summary(fit)What is generally the effect of sleep deprivation on reaction time?



1) If we are interested in the population-level effect… What’s the point?

We get an idea of how much people vary on average
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summary(fit)

2) If we are interested in the subject-specific effects… Why not fixed interaction (instead of random effects)?



Fixed interaction of days and subject:

Model the effect of days on reaction time, separately for each subject


What’s the difference?



Pixel dataset from R package ’nlme’

Day= scanning day post injection of the contrast

Intensity= X-ray pixel intensity
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fit_1 <- lm(Intensity ~ 1 + Day*Dog, data = dataR)

R package ’stats’

y = 𝛼 + 𝛽1⋅day + 𝛽2⋅dog + 𝛽3⋅day⋅dog



fit_1 <- lm(Intensity ~ 1 + Day*Dog, data = dataR)

Fixed interaction = Effect of day, separately for each dog

y = 𝛼 + 𝛽1⋅day + 𝛽2⋅dog + 𝛽3⋅day⋅dog



fit_1 <- lm(Intensity ~ 1 + Day*Dog, data = dataR)

Gibson Irene Luna Milo Mojo
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y = 𝛼 + 𝛽1⋅day + 𝛽2⋅dog + 𝛽3⋅day⋅dog



fit_1 <- lm(Intensity ~ 1 + Day*Dog, data = dataR)

fit_2 <- lmer(Intensity ~ 1 + Day + (1 + Day | Dog) , data = dataR)

R package ’lme4’

y = (𝛼+ b𝛼,dog) + (𝛽+ b𝛽,dog)⋅day



fit_1 <- lm(Intensity ~ 1 + Day*Dog, data = dataR)

fit_2 <- lmer(Intensity ~ 1 + Day + (1 + Day | Dog) , data = dataR)

Gibson Irene Luna Milo Mojo
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y = (𝛼+ b𝛼,dog) + (𝛽+ b𝛽,dog)⋅day



fit_1 <- lm(Intensity ~ 1 + Day*Dog, data = dataR)

fit_2 <- lmer(Intensity ~ 1 + Day + (1 + Day | Dog) , data = dataR)

Fixed interaction Random intercept and slopeGibson Irene Luna Milo Mojo
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Shrinkage towards the mean!

No population-level effect: *independent* fits for each dog

y = (𝛼+ b𝛼,dog) + (𝛽+ b𝛽,dog)⋅dayy = 𝛼 + 𝛽1⋅day + 𝛽2⋅dog + 𝛽3⋅day⋅dog



1) If we are interested in the population-level effect… What’s the point?

We get an idea of how much people vary on average
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2) If we are interested in the subject-specific effects… Why not fixed interaction (instead of random effects)?
Extreme / rare observations might be unrealiable, utilize the information from others.

Effects are pooled towards the population-level effect (shrinkage).

summary(fit)



When a predictor should be modeled as fixed and when as random?

Turku PET Centre

University of British Columbia, Vancouver

Aarhus University Hospital

Yale, New Haven



Fixed, if 
• Effect of site on PET measure

• The difference between the sites are the key interest

How should we model the site?



Random, if 
• Effect of something else, e.g. age on PET measure

• Random sample of sites (from all possible sites): might affect but the contrasts not interesting

• 4+ levels (here sites) recommended for random effects

Databases & registers!

Fixed, if 
• Effect of site on PET measure

• The difference between the sites are the key interest

How should we model the site?



Random effects in neuroimaging data

Site



Random effects in neuroimaging data

Site Scanner



Random effects in neuroimaging data

Site Scanner Brain region?

Figure from Nummenmaa, L., & Hirvonen, J. (preprint). Mapping the human emotion circuits with positron emission tomography. Human Emotion Systems Laboratory Preprints.



Figure from Nummenmaa, L., & Hirvonen, J. (preprint). Mapping the human emotion circuits with positron emission tomography. Human Emotion Systems Laboratory Preprints.

Dependent variable:

PET measure binding potential (receptor availability)

Examples:


Is binding higher in putamen than caudate?


What is the effect of age on binding?


Brain region: fixed or random?



Brain region: fixed or random?

Figure from Nummenmaa, L., & Hirvonen, J. (preprint). Mapping the human emotion circuits with positron emission tomography. Human Emotion Systems Laboratory Preprints.

Can be either, depends on the goal


Some insights:



Brain region: fixed or random?

Figure from Nummenmaa, L., & Hirvonen, J. (preprint). Mapping the human emotion circuits with positron emission tomography. Human Emotion Systems Laboratory Preprints.

Can be either, depends on the goal


Some insights:

BPND ~ 1 + region 

• Compare binding independently between regions


Fixed



Brain region: fixed or random?

Figure from Nummenmaa, L., & Hirvonen, J. (preprint). Mapping the human emotion circuits with positron emission tomography. Human Emotion Systems Laboratory Preprints.

Can be either, depends on the goal


Some insights:

BPND ~ 1 + region 

• Compare binding independently between regions


BPND ~ 1 + age + (1 + age | region) 

• Intercept and age effect generally in the brain (across regions), 
how much regional variation on average

Fixed

Random



Brain region: fixed or random?

Figure from Nummenmaa, L., & Hirvonen, J. (preprint). Mapping the human emotion circuits with positron emission tomography. Human Emotion Systems Laboratory Preprints.

Can be either, depends on the goal


Some insights:

BPND ~ 1 + region 

• Compare binding independently between regions


BPND ~ 1 + age + (1 + age | region) 

• Intercept and age effect generally in the brain (across regions), 
how much regional variation on average

• Intercept and age effect separately for different 
regions, regularized by shrinkage (binding in certain 
region less reliable than others, utilize the estimates 
of the more reliable regions)

Fixed

Random



Diagnostics (the post-marathon run)
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Residual size

Reaction ~ 1 + Days Reaction ~ 1 + Days + (1 + Days | Subject)

Compare models

Fixed effect Random intercept and slope



0 50 100 150

−4
−2

0
2

4

Index

fit
_r
es
id
_4

0 50 100 150

−1
00

0
50

10
0

Index

fit
_r
es
id
_1

resid_1 <- resid(fit_1, scaled = TRUE)

plot(resid_1)

No random effects:

Reaction ~ 1 + Days

Subject as random intercept and slope:

Reaction ~ 1 + Days + (1 + Days | Subject)

R package ’stats’

Residual distribution



Residual distribution
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resid_1 <- resid(fit_1, scaled = TRUE)

plot(resid_1)

No random effects:

Reaction ~ 1 + Days

Subject as random intercept and slope:

Reaction ~ 1 + Days + (1 + Days | Subject)

R package ’stats’

If the fit is catching the systematic variation in the data (fit is good), 
the residuals should be randomly (not systematically) distributed around the fit



Linear mixed effects model is one type of linear model


What makes a linear model mixed: random effect(s) in addition to the fixed effect(s)


Mixed effects modeling is useful when we have grouping structure in the data (e.g. grouped by subject, scanner, site)

To take home



Thanks!

• Thank you for your kind attention! 

• Colleagues from Nummenmaa Lab, particularly Birgitta Paranko and Severi Santavira 

• Academy Research Fellow / Assistant Professor Joni Virta 
• UTU Course: Sekamallit (Mixed effects models)
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Bonus material



yijk = 𝜇 + 𝛽i + bj + 𝜀ijk

y= fit


Fixed effects: 
𝜇 (intercept)

𝛽B, 𝛽C (slopes)


Random intercepts for workers: 
bj ~ N(0, 𝛕2)


Error terms (residuals): 
𝜀ijk ~ N(0, 𝜎2)


Parameters:

𝜇, 𝛽B, 𝛽C, 𝛕2, 𝜎2


𝛕2= variance between the workers

𝜎2= residual variance (variance within workers) 

i= machines: A, B, C

j= workers: 1, 2, 3, 4, 5, 6

k= repeated measures: day1, day2, day3

Differences between the performances of machines A, B and C? 
Tested with 6 workers (random sample), 3 observations from each

> 1
Machines dataset from R package ’nlme’
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Model with only fixed effects = General linear model

Model with fixed and (1 or more) random effects= (Linear) mixed effects model

y = (𝛼 + b𝛼sub) + (𝛽 + b𝛽sub)⋅day

y = 𝛼 + 𝛽⋅day

Random (subject-specific) intercept

Population-level intercept

Population-level effect of days

Random (subject-specific) effect of days


